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We theoretically investigate the orientation dependence of high-harmonic generation (HHG) in
monolayer transition metal dichalcogenides (TMDCs). We find that, unlike conventional solid-state
and atomic layered materials such as graphene, both parallel and perpendicular emissions with
respect to the incident electric field exist in TMDCs. Interestingly, the parallel (perpendicular)
emissions principally contain only odd-(even-) order harmonics. Both harmonics show the same
periodicity in the crystallographic orientations but opposite phases. These peculiar behaviors can
be understood on the basis of the dipole moments in TMDCs, which reflect the symmetries of both
atomic orbitals and lattice structures. Our findings are qualitatively consistent with recent experi-
mental results and provide a possibility for high-harmonic spectroscopy of solid-state materials.
PACS numbers: 72.10.Bg, 72.20.Ht, 42.65.Ky
Atomically thin two-dimensional materials have been
widely investigated in recent years because of their poten-
tial utilities for optoelectronic technologies. Transition
metal dichalcogenides (TMDCs) are typical representa-
tives [1–3] having hexagonal lattices of B (B = Mo or
W) and A (A = S or Se) atoms with inversion symmetry
breaking (Fig. 1(a)). The inversion symmetry breaking
gives rise to a bandgap energy at the K± points and pro-
vides a good platform for valley contrasting physics [4–
8]. Valley contrasting physics yields a unique perspective
on the optical properties of TMDCs [9, 10], including
valley-dependent optical selection rules for interband ex-
citations processes of Bloch electrons with a circularly
polarized electric field [11–14]. Thus, TMDCs may have
useful applications in optoelectronics and may provide a
means for investigating fundamental aspects of optics.
A fundamental topic in optics is high-harmonic gener-
ation (HHG) [15–17]. Recent experiments in solid-state
materials have promoted this phenomenon to the non-
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FIG. 1: Schematic diagrams of the crystallographic orienta-
tion dependence of HHG in (a) TMDCs and (b) graphene.
∗E-mail: t-tamaya@aist.go.jp
perturbative regime and revealed novel properties [18–
23]. HHG in TMDCs has also been intensely investigated
because TMDCs are expected to have atypical light-
matter interactions compared with ordinary semiconduc-
tors [24–29]. Some experiments have shown that HHG
emissions in TMDCs are quite sensitive to the crystallo-
graphic orientations with respect to the incident electric
field [24–29], which has also been observed in some special
materials such as MgO and GaSe [30, 31]. This character-
istic of TMDCs has been explained only in terms of the
symmetries in lattice structures and does not take into
account the atomic orbitals in solid-state materials [24–
27]. This consideration implies that there may be a possi-
bility of developing high-harmonic spectroscopy of solid-
state materials and this possibility could be confirmed by
comparing materials with the same lattice structures and
different atomic orbitals, such as TMDCs and graphene
(Fig. 1).
Here, we theoretically investigate the orientation de-
pendence of HHG in monolayer TMDCs and graphene
by taking into account the symmetries of both crys-
tal structures and atomic orbitals in solid-state mate-
rials. We show the orientation dependence of HHG in
TMDCs and graphene to be quite different. This differ-
ence can be attributed to the wavenumber dependences
of the dipole moments, which are fundamentally deter-
mined from both symmetries of atomic orbitals and lat-
tice structures in solid-state materials.
To investigate the orientation dependence of HHG,
we start from the tight-binding model, where two-
dimensional hexagonal lattices BA2 are constructed from
A (A =S or Se) and B (B =Mo or W) atoms [32, 33].
Here, we assume the wavefunctions of A and B to be
of the form φA(x) = px(x) + ipy(x) (p orbitals for the
chalcogen atoms) and φB(x) = dxy(x)+ iτ
zdx2−y2(x) (d
orbitals for metal atoms), respectively, where τz = ±1 is
the variable describing the state at the K± points. This
2assumption is only valid near K± points. We also as-
sume that the difference between the onsite energies for
the atoms is m = εA − εB.
For the derivation of Hamiltonian of the system, we
will apply the same procedure used in Refs. [34] and
[35] to this model. Only considering nearest-neighbor
hopping of electrons and employing the Coulomb gauge
[36], we can arrive at a tight-binding Hamiltonian H =
H0 +HI , where
H0 =
∑
k
[
γf(k)a†
k
bk + γf
∗(k)b†
k
ak +m
(
a†
k
ak − b†kbk
)]
,
HI = −~
∑
k
[
ΩR(k, t)a
†
k
bk + c.c.
]
.
Here, γ is the transfer integral, ~ is the Planck constant,
f(k) is a form factor defined as f(k) =
∑
i e
ik·δi =
|f(k)|eiθf(k) , δi is a lattice vector, ak(bk) is the anni-
hilation operator of electrons with wavenumber k on
the atom A (B), and ΩR(k, t) is the Rabi frequency de-
fined by ΩR(k, t) = (e~/m0c)
∑
i e
ik·δi
∫
d2xφ∗B(x)A(t) ·
pφA(x−Ri), wherem0 is the electron mass, e is the elec-
tron charge, c is the velocity of light, A(t) is the vector
potential of the incident electric fields, and p is the mo-
mentum of the bare electrons. In this model, we will take
the lattice vectors to be δ1 = (0, 0), δ2 = (a/2,
√
3a/2),
and δ3 = (a/2,−
√
3a/2), respectively, which represent
Dirac points as K±=(±4π/3a, 0). Here, a is the lat-
tice constant. The expression of the Rabi frequency,
whose definition is generally described as the product
of the dipole moment d and the vector potential A(t)
[36], certainly involves in information on both the lat-
tice vectors and atomic orbitals. Only focusing near K±
points and supposing the vector potential to be A(t) =
A0(ǫ
2
1+ ǫ
2
2)
−1/2 exp(−(t− t0)2/T 2)(ǫ1 cosω0t, ǫ2 cosω0t),
we can approximate the Rabi frequency as ΩR(k, t) =
Re[ΩR(k, t)] + iIm[ΩR(k, t)] ≈ ΩR0(t)[[ǫ1(τz + β˜kxa) −
ǫ2γ˜kya] cosω0t + iτ
z [ǫ1γ˜kya + ǫ2(τ
z + β˜kxa)] cosω0t],
where β˜ = −0.87 and γ˜ = 0.27 are dimensionless con-
stants calculated from the atomic orbitals and ΩR0(t) =
ΩR0 exp[−(t − t0)2/T 2]. Here, we define the time-
independent Rabi frequency as ΩR0. Throughout the pa-
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FIG. 2: High-harmonic spectra generated from (a) TMDCs
and (b) graphene for the Rabi frequency ΩR0 = 0.5ω0 and
the angle θ = 0, where ω0 and Eg are the frequency of the
incident electric field and the bandgap energy. The red and
green lines show the parallel and perpendicular emissions with
respect to the incident electric fields, respectively.
per, we set t0 = 12π/ω0 and T = 4π/ω0. In our numer-
ical calculation, instead of rotating crystals, we change
the orientation angle of the incident electric field θ from
0 to 2π, where tan θ = (ǫ1/ǫ2).
The transformation of the Hamiltonian from the tight-
binding to the band-structure picture can be performed
by diagonalizing the single-particle part H0 with the uni-
tary transformation ak = αek−βh†−k and bk = −(α′ek−
β′h†−k), where ek(hk) is the annihilation operator of
electrons (holes) and the coefficients are given by α =
[γ2|f(k)|2/2Ek(Ek − m)]1/2, β = [γ2|f(k)|2/2Ek(Ek +
m)]1/2, α′ = −(Ek − m)1/2/(2Ek)1/2eiθf(k) , and β′ =
(Ek − m)1/2/(2Ek)1/2eiθf(k) , respectively, where Ek =
[γ2|f(k)|2 + m2]1/2. Only focusing near K± points,
we can approximate the form factor f(k) as γ|f(k)| ≈
~vF (kx− iτzky) and eiθf(k) ≈ eiθk , where vF is the Fermi
velocity of graphene and θk ≡ arctan(ky/kx). Using this
transformation, we can derive a Hamiltonian of the form
H = H0 +HI , where
H0 =
∑
k
Ek(e
†
k
ek + h
†
−kh−k), (1)
HI = ~
∑
k
[(~vF k/Ek)(τ
z cos θkRe[ΩR(k, t)]
− sin θkIm[ΩR(k, t)])(e†kek + h†−kh−k − 1)
+ (m/Ek)(τ
z cos θkRe[ΩR(k, t)]
− sin θkIm[ΩR(k, t)])(e†kh†−k + h−kek)
+ iτz(τz sin θkRe[ΩR(k, t)]
+ cos θkIm[ΩR(k, t)])(e
†
k
h†−k − h−kek). (2)
The bandgap energy of the system can be estimated as
Eg = 2m from the representation Ek = [(~vFk)
2 +
m2]1/2. Utilizing this Hamiltonian, the time evolution
equations of the densities fσ
k
= 〈σ†
k
σk〉 and polarization
Pk = 〈h†−kek〉 with Bloch wavevector k can be derived
as
i~
∂
∂t
Pk = 2
[
ǫek(t) + ǫ
h
k(t)
]
Pk + ~ (m/Ek)
×(τz cos θkRe [ΩR(k, t)]− sin θkIm [ΩR(k, t)])
× [1− fek − fhk
]
+ i~(sin θkRe[ΩR(k, t)] + τ
z cos θkIm[ΩR(k, t)])
×[1− fek − fhk ]− iγtPk, (3)
∂
∂t
fσk = −2τz[(τz sin θkRe[ΩR(k, t)]
+ cos θkIm[ΩR(k, t)])Im[(iPk)
†]
+2(m/Ek)[(τ
z cos θkRe[ΩR(k, t)]
− sin θkIm[ΩR(k, t)])Im[(Pk)†]− γlfσk . (4)
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FIG. 3: Orientation dependence of parallel (a) and perpendicular (b) emissions of HHG generated from TMDCs for ΩR0 =
0.05ω0. (c) Orientation angle of parallel emissions of HHG generated from graphene for ΩR0 = 0.05ω0. Red, green, and blue
lines correspond to the 3rd, 5th, and 7th harmonics.
Here, γt and γl are the transverse and longitudinal re-
laxation constants, and here, they are fixed to γt =
0.1ω0 and γl = 0.01ω0 [34]. The numerical solutions
of these equations give the time evolutions of the dis-
tributions of the carrier densities fσ
k
and polarization
Pk in two-dimensional k space. Utilizing these numer-
ical solutions of Pk and f
σ
k
, the time evolutions of the
generated current J(t) = (Jx(t), Jy(t)) along the x-
and y-axes can be calculated on the basis of Jν(t) =
−c〈∂HI/∂Aν〉(ν = x, y). The parallel and perpendicular
components of J(t) with respect to the incident electric
field are given by J‖(t) = Jx(t) cos θ + Jy(t) sin θ and
J⊥(t) = −Jx(t) cos θ + Jy(t) sin θ, respectively. Then,
the high-harmonic spectra can be calculated on the basis
of Iσ(ω) = ω
2|Jσ(ω)|2, where Jσ(ω) is the Fourier trans-
form of the current vector Jσ(t) with σ =‖,⊥. Below, we
compare the characteristics of HHG spectra in TMDCs
and graphene (β˜ = γ˜ = 0 and m=0) [37, 38], supposing
the bandgap energy in TMDCs to be Eg = 7~ω0 [28, 38].
Figures 2(a) and (b) show the higher-order harmonic
spectra generated from TMDCs and graphene, respec-
tively, in the case of ΩR0 = 0.5ω0 and θ = 0. Here, the
parallel and perpendicular components of HHG with re-
spect to the incident electric field are plotted as red and
green lines. These figures clearly show that both par-
allel and perpendicular emissions exist in TMDCs and
they respectively involve odd- and even-order harmon-
ics, while in graphene, only the parallel emission exists
and it involves odd-order harmonics.
This difference in HHG between TMDCs and graphene
can be qualitatively explained in terms of the symmetries
of the dipole moments d, which is involved in the Rabi
frequency ΩR(k, t) = (e~/m0c)
∑
i e
ik·δi
∫
d2xφ∗B(x)p ·
A(t)φA(x − Ri) ∝ d · E(t). TMDCs and graphene
have the same lattice vector δi, but different symme-
tries of atomic orbitals. In the case of TMDCs, the or-
bital wavefunction is given by φA(x) = px(x) + ipy(x)
and φB(x) = dxy(x) + iτ
zdx2−y2(x), while in graphene,
it is given by φA(x) = φB(x) = φ2pz (x). Near K
±
points, the dipole moments can be approximated as
d = (dx, dy) ≈ (dx, iτzdx) ∝ (τz + β˜kx + iγ˜τzky , iτzdx)
for TMDCs and d ∝ (τz , i) for graphene, respectively.
By assuming E(t) = (Ex(t), 0), the Rabi frequency is
given by ΩR(k, t) ∝ dxEx = [τz + β˜kx + iτz γ˜ky]Ex(t)
for TMDCs and ΩR(k, t) ∝ τzEx(t) for graphene. The
real and imaginary parts of the Rabi frequency ΩR(k, t)
can be related to the parallel and perpendicular com-
ponents of HHG [35]. Thus, the Rabi frequency for
TMDCs has both parallel and perpendicular components
of HHG. Moreover, the parallel and perpendicular com-
ponents of the dipole moment dx are, respectively, variant
and invariant under a space inversion, i.e., kx → −kx,
ky → −ky, and τz → −τz . Considering a relationship
P‖ ∝ Re[dx] and P⊥ ∝ Im[dx] [39], where P‖ and P⊥ are
the polarizations in parallel and perpendicular directions
with respect to the incident electric field, we can show
that the even (odd)-order susceptibility vanishes for par-
allel (perpendicular) components [15–17]. Therefore, the
parallel (perpendicular) emission of HHG for TMDCs has
only odd (even)-order harmonics. On the other hand,
in graphene, the Rabi frequency does not include the
wavenumber k and only has the parallel component of
HHG with only odd-order harmonics.
Figures 3(a) and (b) show the orientation dependence
of the parallel and perpendicular emissions of HHG gen-
erated from TMDCs in the case of ΩR0 = 0.05ω0. Figure
3(a) indicates that the third (red line) and fifth (green
line) harmonics of the parallel emission have π periodic-
ity as a function of the orientation angle θ. On the other
hand, the seventh (blue line) and ninth (not shown) har-
monics have almost no dependence on the orientation of
crystal, which is consistent with recent experiments [28].
Figure 3(b) shows that the second, fourth, and sixth har-
monics of the perpendicular emissions also have π peri-
odicity with a π/2 phase shift compared with the parallel
emissions.
To understand these behaviors, we plot in Fig. 3(c)
the orientation dependence of the parallel emissions in
graphene as a reference. In contrast to TMDCs, all the
odd harmonics have no orientation dependence. The
difference in periodicity between TMDCs and graphene
can be qualitatively explained from the dipole moments
d ≈ (dx, iτzdx) ∝ (τz + β˜kx + iγ˜τzky, iτzdx) = (τz +
β˜k cos θk+iγ˜τ
zk sin θk, iτ
zdx) for TMDCs and d ∝ (τz , i)
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FIG. 4: (a) Orientation angle θ dependence of the parallel
emission of HHG from TMDCs for ΩR0 = 0.05ω0. Red, green,
and blue lines correspond to the θ dependence for different
frequencies ω0 of the incident field. (b) The orientation angle
θ of the parallel emission of HHG generated from TMDCs for
Eg = 7~ω0. Red, green, and blue lines correspond to different
intensities of the incident electric field.
for graphene. These expressions indicate that the π pe-
riodicity for TMDCs comes from the cos θk and sin θk
terms. In addition, the relative π/2 phase difference be-
tween parallel and perpendicular emissions for TMDCs
can be explained by the relation dy ∝ idx = eipi/2dx.
Note that the dipole moments in graphene (d ∝ (τz , i))
explicitly have no θ dependence, clearly indicating the
parallel emissions from graphene are constant as a func-
tion of θ. Thus, we conclude that the periodic θ de-
pendence of HHG is related to that of the dipole mo-
ments d, which is determined by the symmetries of the
atomic orbitals and the crystal structure. Note as well
that π/3 periodicity for HHG from TMDCs has been
observed experimentally [24–28]. The difference in peri-
odicity between the numerical and experimental results
could be attributed to the atomic orbitals contributing
to the HHG process. Therefore, we expect π periodic-
ity to be explicitly observed in the case of resonant HHG
excitation only atK± points, as considered in this paper.
Finally, let us discuss the physical origin of the θ de-
pendence of the seventh harmonic (Fig. 3(a)) [28]. In
the numerical calculation, we set the bandgap energy to
Eg = 7~ω0, and as a result, almost no θ dependence of the
seventh HHG process was attributed to the resonance ex-
citation. To see the influence of the detuning on the sev-
enth HHG from the resonant condition (Eg = 7~ω0), in
Fig. 4(a), we plot the detuning dependence of the seventh
harmonics for ω0 = Eg/7~ (red line), ω0 = Eg/10~ (green
line), and ω0 = Eg/13~ (blue line) with ΩR0 = 0.05ω0.
The result shows that the π periodic θ dependence of
the seventh harmonic becomes clear with increasing de-
tuning. Therefore, we can observe the π periodic θ de-
pendence of the HHG spectrum in strong fields, because
high-intensity electric fields give rise to temporal varia-
tions in the energy band structure and the concept of a
static energy bandgap is irrelevant [34, 35]. Finally, we
plot in Fig. 4(b) the intensity dependence of the sev-
enth harmonic in TMDCs for ΩR0 = 0.05ω0 (red line),
ΩR0 = 0.2ω0 (green line), and ΩR0 = 0.5ω0 (blue line)
with the resonant condition Eg = 7~ω0. As expected,
the π periodic θ dependence becomes pronounced with
increasing field intensity, indicating that the dynamics of
the energy bandgap are essential to understanding the
π-periodic θ-dependence of HHG.
In conclusion, we theoretically investigate the orien-
tation dependence of HHG in monolayer TMDCs. We
found that TMDCs show both perpendicular and par-
allel emissions with respect to the incident electric field
and they principally have only odd- (for perpendicular)
or even-order (for parallel) harmonics. Moreover, the ori-
entation dependence of the perpendicular and parallel
emissions show a π-periodicity with a π/2 relative phase
difference. These characteristics are quite different from
those of graphene and conventional solid-state materials,
and their anomalous behaviors can be attributed to the
k-dependence of the dipole moments, including the sym-
metries of the atomic orbitals and crystal structures in
solid-state materials. This consideration indicates that
the orientation dependence of HHG is mainly dominated
by the interband excitation processes of Bloch electrons.
Our results are qualitatively consistent with recent ex-
perimental results [24–28] and provide a possible way to
develop high-harmonic spectroscopy for solid-state mate-
rials.
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